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Abstract 
The girth pair of a graph G is the pair (a, b) where a and b are the lengths of shortest even 
and odd cycles of G, respectively. We determine the size of smallest cubic graphs with girth 
pairs (6,7), (6,9) and (6, 11). @ 1997 Elsevier Science B.V. 
Harary and Kovfics [3] defined a generalization of the classical notion of cages when 
they introduced the girth pair of a graph. The pair (a,b) is the girth pair of graph G 
if shortest even and odd cycles of G have lengths a and b respectively. Harary and 
Kovfics [4] show that for each triple (k,a,b) with k>~2, even a~>4, odd b>~3, there is 
a k-regular graph G with girth pair (a,b). Such a graph will be called a ( k, a, b )-graph. 
We will refer to a smallest such graph as a (k, a, b)-cage, and the number of vertices 
in a ( k, a, b )-cage will be denoted f (k ,a ,b ) .  It is trivial to note that f (2 ,a ,b )  = a + b. 
Kov~cs [6] proved f (3 ,4 ,b)  = 2b-  2 and that the unique (3, 4, b)-cage is the Mrbius 
Ladder introduced by Guy and Harary [2]. For even k, the (k, 4, b)-cages are given in 
[6] and for odd k, these are determined by Zhang in [7]. Here we focus on degree 3 
and even girth 6. We note that f (3 ,6 ,5)  = 10 and that the unique (3,6,5)-cage is the 
Petersen graph. In the present article, we show f (3 ,6 ,7)  = 18, f (3 ,6 ,9)  = 24, and 
f(3,6,  11)--28.  We also demonstrate all (3,6,7)- and (3,6,9)-cages. 
We will be considering cubic, that is 3-regular graphs with even girth 6 and odd girth 
b. In such a graph, there will appear subgraphs consisting of a b-cycle xl,x2 . . . . .  Xb 
and vertices Yl, Y2 . . . . .  Yb with Yi adjacent o xj if and only if i --- j. Such a subgraph 
will be referred to as an "Sb". I f  Yi is adjacent o yj for i 7~ j,  the edge joining 
these vertices is called a tie and we sometime refer to this tie as (i , j).  For a given 
Sb, we often refer to vertices not in Sb as external vertices. External vertices are 
denoted by lower case Greek letters with subscripts. Each subscript will be chosen from 
{0, 1,2, 3} and will indicate the number of edges joining that external vertex to vertices 
in Sb. 
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Lemma 1. In an (k,m,n)-graph (m~>6), every n-cycle determ&es an Sn. 
Proof. Let the n-cycle consist of vertices xl,x2,... ,x~ in cyclic order. Note that no 
other edges may appear among the xi's, as a chord in the n-cycle would result in a 
shorter odd cycle. Now as k > 2, each xi has a neighbor Yi not on the n-cycle. We 
need only show that for i ~ j ,  Yi ~ Yj. Without loss of  generality, we assume Yl = Yj. 
I f j~<4 then xl,x2 . . . . .  xj, yj, yl is a short cycle, yielding a contradiction. Similarly, we 
rule out the case j>~slantn -2 .  Now consider the two cycles 
Xl,X2 . . . . .  xj, yj,Xl and x l ,x , ,x ,_ l  . . . . .  xj, yj ,xl .  
These cycles have length less than n and one of them is odd, which is a contradiction. 
Hence the yi's are distinct and indeed this n-cycle determines an S,. [] 
Lemma 2. Suppose there is a tie (i , j),  i < j in an S, in a (k, 6,n)-yraph (k > 2, 
n > 5). Then j - iE{3 ,n -3) .  
Proof. If j - i ~< 2, then 
Xi,Xi+ 1 , . . .  ,Xj, yj, yi ,x i  
is a short cycle. Therefore j - i ~> 3. Similarly j - i ~< n - 3. I f  3 < j - i < n - 3, then 
one of 
xi ,x i+b.. . ,x j ,  yj, Yi,Xi and xj ,x j+l , . . . ,x i ,  Yi, Yj,Xj 
is an odd cycle of  length less than n. [] 
Lemma 3. No Yi is involved in more than one tie. 
Proof. Without loss of  generality, suppose that y4 is adjacent o Yl and y7. Then we 
replace the vertices x2,x3,x4,x5,x6 by the vertices yl, y4,y7, yielding an odd cycle of 
size n - 2. [] 
Corollary 4. In any S, there are at most l (5n -  1) edges. 
Proof. There are n edges in the cycle, n edges between the xi's and the yi 's ,  and at 
most ½(n-  1) ties. [] 
Theorem 5. f(3,6,n)>~½(7n + 1) (n~>7). 
Proof. Let G be a (3, 6, n)-graph. Then each n-cycle determines an Sn. In the Sn there 
are 2n vertices and at most l (5n -  1) edges. Hence the degree sum internal to Sn is 
at most 5n - 1. But G is 3-regular, so the Sn must receive n + 1 edges from vertices 
external to the Sn. Thus there must be at least l (n + 1) such vertices, yielding at least 
2n + ½(n + 1) = ½(7n + 1) vertices in G. [] 
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Fig. 1. 
Theorem 6. f(3,6,n)~< ½(10n + 2k) (where 0>~k~>2 and n - k modulo 3). 
Proof. We present he case k = 0. The other cases are similar. 
For n ~_ 0 mod 3, f(3,6,n)~< 10n/3. Suppose n = 3k. 
Construct a graph by taking 2 disjoint 3k-cycles with vertices Xl,X2,. . . ,x3k and 
zl,z2 . . . . .  z3k, respectively. Add 3k new independent vertices Yl,..., y3k with xi adjacent 
to yj if and only if i = j and zi adjacent o yj  if and only if i = j. Now introduce k 
external vertices wl, w2 . . . . .  wk with adjacencies as follows: 
WI: Yl,Y3,Y3k--I 
W2: Y2, Y4, Y6 
w3: Y5, Y7, Y9 
w4: Y8, Ylo, YI2 
w5: Yl], Y]3, Y]5 
Wk : Y3k-4, Y3k-2, Y3k 
l vertices. [] This yields a (3, 6, n)-graph which has 3n + ~n 
Corollary 7. 18~<f(3,6,7)~<24 and 22 ~< f(3,  6, 9) ~< 30. 
To see that f (3 ,6 ,7)  = 18, consider the cubic graphs G1 and G2 in Figs. l(a) 
and 1 (b), respectively. Each of these graphs on 18 vertices has even girth 6, for consider 
A~ and A22 where A] and A2 are the adjacency matrices of Gl and G2, respectively 
(Fig. 2). 
Note that the non-diagonal entries in both these matrices are ~< 1. It follows that for 
no vertices v and w there are distinct paths of length 2 joining v and w. Hence there 
are no 4-cycles in G] or G2, and as G1 and G2 contain 6-cycles, Gt and G2 have even 
girth 6. 
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Fig. 3. 
Note that GI and G2 are nonisomorphic as their characteristic polynomials are dis- 
tinct. In the author's dissertation, it is shown that Gl and G2 are the only (3, 6, 7)-cages. 
We have settled entirely the questions of (3,6,7)-cages, and we turn our attention 
to (3,6,9)-cages and (3,6, l l ) -cages. In these cases we are able to determine the val- 
ues of f (3 ,  6, 9) and f (3 ,  6, 11) by again demonstrating lower bounds and producing 
graphs with the demonstrated minimum number of vertices. By Theorem 5 we have 
f (3 ,6,9)>~22 and f (3 ,6 ,  11)>~26. 
Our next task is to show there is no (3, 6, 9)-graph on 22 vertices. 
Lemma 9. I f  ~3 and f13 are vertices external to an Sn in a (3,6,n)-graph G (n~>9), 
then 53 and f13 have no common neiyhbor. 
Proof. Suppose 53 and f13 have a common neighbor. Without loss of generality, let 
the common neighbor be vertex Ys. Then again without loss of generality, 53 has 
neighbors Yl, Y3 and Y5 while f13 has neighbors Ys, YT, and Y9. Now the cycle 
xl, Yl, 53, Ys, f13, yq,x9, X lO . . . . .  xn, xi is an (n - 2)-cycle, contradicting G having odd 
girth n. [] 
Lemma 10. In a (3, 6, 9)-graph, an $9 may have at most 3 ties. 
Proof. We must rule out the possibility of 4 ties. For i = 1,2, 3, if vertex Yi is involved 
in a tie, must be tied to yi+3 or Yi+6, vertex yi+3 can only be tied to yi+6 or Yi, and 
vertex Yi+6 may only be tied to Yi or Yi+3. Hence, since no vertex is involved in more 
than one tie (Lemma 3), at least one of the vertices yi, Yi+3,Yi+6 fails to be involved 
in a tie. So, at most 6 vertices of the $9 are involved in a tie, and hence there are at 
most 3 ties. [] 
Lemma 11. f (3 ,  6, 9) ~> 24. 
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Fig. 5. 
Proof. Consider the graph H shown in Fig. 3. H is 3-regular and has 24 vertices. The 
adjacency matrix C of H is shown in Fig. 4, along with C 2. 
Note that the off-diagonal entries of C 2 do not exceed 1, therefore H has no 4-cycle. 
Since H does contain 6-cycles, the even girth of H is 6. Now we note that removal 
of the two edges 11-22 and 8-21 yields a bipartite subgraph J of  H,  whose adjacency 
matrix D is shown in Fig. 4, along with D 2. 
The 11, 22 and 8, 21 entries of D 2, are all zero. Computations of D 4 and D 6 also 
yield this result. Hence, in J ,  there is no walk of length 2, 4, or 6 from vertex 11 to 
22, or from vertex 8 to 21. Hence there is no cycle of length 3, 5, or 7 in H. As H 
contains a 9-cycle, H is indeed a (3,6,9)-cage. [] 
In the author's doctoral dissertation, it is shown that H is in fact the unique (3, 6, 9)- 
cage. 
Since we have established that f (3 ,6 ,  11)>~26, it will follow that f (3 ,6 ,  11) -- 28 
once we rule out 26 and demonstrate a (3, 6, l 1)-graph on 28 vertices. 
Lemma 13. f (3 ,6 ,  11)~>28. 
Proof. We need only exclude the possibility that f (3 ,  6, 11 ) = 26. Suppose f (3 ,  6, 11 ) = 
26. Any Sll contains 22 vertices so there are exactly 4 external vertices. Each Yi in 
any $11 must receive at least one edge from the external vertices, and since at least one 
Yi fails to be involved in a tie, the St1 must receive at least 12 edges from external 
vertices. Hence each external vertex has subscript 3, forcing two of them to have a 
common neighbor, in violation of Lemma 9. [] 
Theorem 14. f (3 ,  6, 11) = 28. 
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00000000000000010 
Fig. 6. 
Proof. The graph J of Fig. 5 is a (3, 6, 11)-graph on 28 vertices. Its adjacency matrix 
F (Fig. 6) has the property that F 3, F 5, F 7, and F 9 have zero entries on the diagonal, 
so J has odd girth at least 11. As before, F 2 has entries ~< 1 off the diagonal, so the 
even girth is at least 6. It is easy to find 6-cycles and 11-cycles in J,  and it follows 
that J is a (3, 6, 11)-cage. [] 
We conjecture that J is the unique (3, 6, 11 )-cage. 
While we could continue utilizing these methods to find f(3,  6,n) values for larger 
n, it seems clear that for values of n > 7, a better lower bound is to be desired. Also 
of interest would be a general class of (3, 6, n )-graphs with fewer than l(10n + 2k) 
vertices. 
References 
[1] D.M. Cvetkovir, M. Doob and H. Sachs, Spectra of Graphs (Academic Press, New York, 1980). 
[2] R.K. Guy and F. Harary, On the Mrbius ladder, Canad. Math. Bull. 10 (1967) 493-496. 
[3] F. Harary and P. Kowlcs, Smallest graphs with given girth pair, Caribbean J. Math. 1 (1982) 24--26. 
[4] F. Harary and P. Kov~cs, Regular graphs with given girth pair, J. Graph Theory 7 (1983) 209-218. 
[5] P. Kov~ics, The minimal trivalent graphs with given smallest odd cycle, Discrete Math. 54 (1985) 
295-299. 
[6] N.J. Pullman and N.C. Wormald, Regular graphs with prescribed odd girth, Utilitas Math. 24 (1983) 
243-251. 
[7] Zhang, Guo-Hui, Smallest regular graphs with prescribed odd girth, J. Graph Theory 15 (1991) 453-467. 
